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Definition of Laplace Transform

* The Laplace transform is defined as

P6) = 210) = | fedr
where S is a complex variable given by

S =04 jw

* The exponent St of e must be dimensionless = s = complex frequency
* The lower limit of the integral is 0-, a time just before t = 0.

* We say,

f(1) = F(s)



Example 14.2-1

* Find the Laplace transform of f(t) = e, where a > 0.

* Find the Laplace transform of g(t) = e?u(t) , where a > 0 and u(t) is the
unit step function.



Linearity of Laplace Transform

 Consider

f(t) = arf(t) +axf>(1)

 We have
F(s) = Z[f(t)] = Llaif1(t) + axr f>(t)] = /DC (a1 f1(t) + axfa(t))e "dt

— al / fl ?Idf + a2 / fz(l‘)e_‘”dt
Jo-
= a1 F(s) + axF>(s)

* To summarize,

arfr(t) +axfr(t) < aiFi(s) + axFa(s)



Example 14.2-2

* Find the Laplace transform of sin(wt).



Differentiation in the Time Domain

 Consider

d *df .
o[ [ L
dt o dt

e Utilizing integrating by parts,

d 5.9
£ [ic] — / fe'dt + fe™™
dt 0

* To summarize,

o0

= sF(s) = f(07)

0

Y . sF(s) —£(0)

dt



Example 14.2-3

* Find the Laplace transform of cos(wt).



Example 14.2-4

* Find the Laplace transform of 5 — 5e%{(1+2t)



Example 14.2-5

* Find the Laplace transform of 10e#cos(20t + 36.9°)



Pulse Inputs e

e Step function:

(0 <0
u(t) = «
1 >0
* Impulse function: 0 t—
0]
0 t <0 1y

o(t) = iu(t) = < undefined t=0

dt
0 t>0

(d)
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Approximate Pulse Inputs

e We consider function which makes the transition
from 0 to 1 over the time interval from 0 to «.

limu,(t) = u(z)

e—0

* Let

0 t <0
d 1
0:(1) = —us(t) =< — 0<t<
(1) = Zus(t) = § :
0 I > ¢

* Notice that for any value of g,

+00 81
/ 58(t)dt:/ —dt =1
—00 0 ¢

5(t) = lim 8, (1)

e—0

mn | =

(1)
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Sifting Property of o(t)

 Sifting property of 6(t) att =0:

+00

f(1)o(r)dr = f(0)

e Laplace transform of the impulse function:

L[6(1)] = /ic e 5(H)dt = ¢ = 1



Laplace TF of Time Shifted Function

e If time of f(t)u(t) is shifted by t, f(t — 1) u(t — 1)
* Its Laplace transform is:

LIt = Dult — 1)] = /0 " Ft— ult — t)e "t = / "t — e
e Lett-t=x then,
LU= Dult — 1)) = / T F)e T gy = o / " Fo)edx = e F(s)
0 T

* To summarize,

f(t—1u(t — 1) < e "F(s)



Example 14.2-6

* Find the Laplace transform of 26(t) + 3 + 4u(t).



Example 14.3-1

* Find the Laplace transform of g(t), h(t) and k(t)

g() = 1.5t u(t) - 1.5(t—10) u(z—10) h(t) = g(1) — 15u(t—10) k(t) = g(1) — 3(t—15) u(t—15)
+ 3(1—20) u(r—20)

““““ 15 | == == e

10 20 t—>

10 f=—>-
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Special Case of Leibniz Rule

e When a & b are constant,

d b )
- (/ f(a:,t)dt) :fa = fa, ) dt



Differentiation in s domain

e Starting with the definition,
F(s) = f e ' f(t)dt
0
e Differentiating both side in s,

dF _ d [* [ a
— Tf(t)dt = —e *f(t)dt
o erma = [ Setr

- [ terwar -
)

* To summarize,

dF

ciesen-—L - r)

S

—fﬂme‘“[tf(t)]dt
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Laplace Transform Pairs

f(t)fort >0 F(s) = Z[f(t)u(?)] f(t)fort >0 F(s) = ZL[f(t)u(t)]
5(t) l —Aal 4+ N n!

| T (sa)™""
u(t) P - 0

: sin (wt) FOR
e—(ll ; + " S

1 cos (wt) Bim?
[ 2 —at win (v w

S e “sin (wt

o ) (s+a)’ + w2
" i1 s+ a

e cos (wt)

(s+a)’ + 2
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Laplace Transform Properties

PROPERTY

f(®),t>0

F(s) = Z[f(t)u(r)]

Linearity

a  f(t) + axf>(1)

a|F|(S) +a2F2(s)

Time scaling

f(at), where a > 0

()

Time integration f(r)dr F; F(s)
Jo

df (1
Time differentiation % sF(s) —f(07)

d*f (1) 5oy ~y , 4f(07)

£ 2r() - (50 + L5
d"f (1) B, i@ S(07)
S'F . n
dar s ( ) /\;l 8 d,k—l
Time shift f(t—a)u(t —a) e~ ¥F(s)
Frequency shift e f(1) F(s+a)
I

Time convolution [1(0)fa(r) = / f1(@)f>(t —1)dr Fi(s)F»(s)

Jo

o0
Frequency integration f) / F()d7
1 Js
: s dF(s)

Frequency differentiation if (1) ——
Initial value f(0") lim sF(s)
Final value f(o0) _limo sF(s)
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F(s) =

Inverse Laplace Transform of
F(s) with Simple Pole
 We want to derive Laplace TF of the following F(s):

N(s)  bps" + bp18" L+ 4 bis+ by
D(s)  s"4a,_1s" '+ -+ aps + ag

F(s) =

* The roots of D(s) = 0 are called poles of F(s). Poles can be either real or
complex (should exist in complex pair).

D(s)=s"+a, 18"+ +ais+ao=(s—p)(s—p2) - (s —p,)
* Repeated pole? Simple pole?
 We can do a partial fraction expansion to express F(s):

N(s) bus™ +bp1s™ L +---+bis+ by R, R, R; R,
D(s) "4 ay_ 15"+ - 4 ays + ag s—p; S—p, s — p; S — Dn

* The values of the residues of simple poles are calculated as:
R; = (S _pi)F(S)ls:p,-



Example 14.4-1

s+ 3
2+ 7s+ 10

* Find the inverse Laplace transform of F(s) =



F(s) with
Simple Complex Conjugate Poles

* Suppose F(s) has p, = -a+jb and p, = -a-jb.

R1 R2 C+jd C—jd
F(s) = + + F3(s) = =i — 3§
(5) S—py S—D; 3(9) s§=(=a+jb) §={(—a=jb) 3(9)

 We can combine the first two terms as:
(c+jd)(s+a—jb)+ (c—jd)(s+a— jb)
F3(S)

F(s) =
(5) (s+a—jb)(s+ a-+jb)
2cs+2(ac—bd) 2 ¢ —2bd
= - 5 2+F3(S) — (S+£I) —Q—F3(S)
s*+2as+a*+b (s +a)> + b2
b
e ST oy + Fs(s)

(s +a)* + b? (s +a)* + b
* We can express F(s) as

Kis+ K>

+ Fa(s
s24+2as+ a4+ b? 3(9)

F(s) =

24



F(s) with
Simple Complex Conjugate Poles

* Taking the inverse Laplace transform for the first two terms,

P 12¢ sta —2cy ! sta —2ce ¥ P! > —2ce “cos (bt
2 2 2
(s + a) + b’ (s + a) + b2 s+ b
and
b b b
7'2d 5 =2d 27! - _2deaf5fl[ 2] =2d e “ sin (bt)
(s +a)” + b’ (s +a)” + b s?+0b

* Finally, we have

LF(s)] =2ce “cos (bt) —2d e “sin (bt) + L [F3(s)]



Example 14.4-2

* Find the inverse Laplace transform of

F(s) = 10

(s> + 65+ 10)(s + 2)



Example 14.4-2



F(s) with Repeated Poles

* F(s) has the repeated poles, which means

C N(s)  buS" 4 by o+ bis+ by bus™ + b5 -+ bis+ by
- D(s)  s"tapst e daistar (s—p) (s —pesr) (s —pa)
* In this case, the partial fraction expansion of F(s) includes all powers of

the term (s-p,) up to q.

R R R R R,
Fl§)=——+——— 44 —L 4 05 ...y
s—=p1 (s—p;) (s=p)"  s— Py S~ Pn

* The residues corresponding to the repeated poles are

F(s)

1 [d*
R, k= T [ﬁ(v —pl)qF(S)] fork=qg—1,¢q—2,...,2,1,0
'lds s—p,
* That s, 1 [ae!
fi= (C] o 1)' |idsq—1 (S _pl)QF(S)] S:[)l:
1 di?
o= (C] - 2)' [dsq—z (S _pl)QF(S)] s=p, o

R, = [(s = p1) F(5)]|s—p, "



Example 14.4-3

* Find the Laplace Transform of

4
) = )12



Example 14.4-3



Example 14.4-4
. Improper Rational Function

* Find the inverse Laplace transform of

_453—|— 15s* + 5+ 30

F
(5) s2+55+6




Initial Value Theorem

Recall that ) (0o [df] / df -
AR dt o dt
Taking the limit as s = oo,
lim [sF(s) — f(0-)] = lim f d]; “di + lim : dJ;

Thus,

lim sF(s) — f(0—) = f(0+) — f(0—

S—00

Then we can obtain the initial value theorem as:

f(0+) = lim f(¢) = lim sF(s)

r—0+ §—00

)

s e—j‘tdr
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Final Value Theorem

_ oY _ [T s
SF(S)—f(O—)—rSE’[E]—/O_ e dt

* Again,

* How about taking the limit s 2 0 to the above?
> , > (d
im (7 (5) — £(0-)] = tim [~ (D)ertar= [~ (L) evar = pio0) - f10-)

* Thus,
lim sF(s) — f(0—) = f(00) — £(0-)

s—0

e Then we can obtain the final value theorem as:

f(00) = lim £(r) = lim sF(s)

s—(
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v(t), V

10 |

o

S

Example 14.5-1

e Consider the figure shown.

* Suppose that we know the following,

25% 4+ 30s + 136

v(r)] =

vy

Vis) =

s(s? + 9s + 34)
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of above v(t) agree with the figure
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